Abstract. In this paper, we prove a Liouville theorem for holomorphic functions on a class of complete Gauduchon manifolds. This generalizes a result of Yau for complete Kähler manifolds to the complete non-Kähler case.
Introduction
Let (M, g) be a complete Riemannian manifold and ∆ be the Beltrami-Laplacian of the Riemannian metric. In [18] , Yau studied the equation It should be pointed out that, under the assumption that (M, ω) has sectional curvature of the same sign, Greene-Wu ( [7] ) got some lower bound for the L p integral of holomorphic functions. In this paper, we want to study the L p Liouville theorem of holomorphic functions for some complete non-Kähler manifolds.
From now on, let (M, g) be a complete Hermitian manifold of complex dimension n and ω the associated (1,1)-form. The metirc g is called Gauduchon if ω satisfies ∂∂ω n−1 = 0. In [6] , Gauduchon proved that, when (M, g) is compact, there must exist a Gauduchon metric g 0 in the conformal class of g. It is interesting to generalize some geometric results from Kähler manifolds to Gauduchon manifolds, for example, the Donaldson-UhlenbeckYau theorem ( [14] , [4] , [17] ) is valid for Gauduchon manifolds (see [2, 10, 12, 11] ).
Let ϕ be a holomorphic function on M, it is easy to check that ∂∂ log |ϕ| ≡ 0. Following Yau's argument in [18] , we consider the following equation
where Λ ω denotes the contraction with ω, u ≥ 0 and the Hausdorff measure of {x ∈ M|u(x) = 0} is zero. It is well known that the difference of two Laplacian is given by a first order differential operator as follows
where V is a vector field on M. In the non-Kähler case, we should handle the first order term, the key is to control the vector field V in order to use the Stokes' theorem which was prove by Yau (Lemma in [18] ). In fact, we can prove the following theorem.
Suppose f is bounded from below by a constant and is Lebesgue integrable with
As an application, we obtain the following Liouville theorem.
Remark: Let (M 1 , g 1 ) be a compact Gauduchon manifold and (M 2 , g 2 ) be a complete Kähler manifold, it is easy to check that the product Riemannian manifold (M 1 × M 2 , g 1 × g 2 ) is a Gauduchon manifold satisfying the assumption in Theorem 1.2.
This paper is organized as follows. In Section 2, we give a proof of Theorems 1.2. In Section 3, we consider a vanishing theorem on Higgs bundles over complete non-Kähler manifolds.
Proof of Theorem 1.2
In [18] , Yau established the following generalized Stokes theorem which is an extension of Gaffney's result ( [5] ). 
Thus we have
Let 0 < R 1 < R 2 be any positive numbers. Fix a point x 0 ∈ M, and choose a nonnegative cut-off function ϕ satisfying
, where C is a positive constant and B x 0 (r) is the geodesic ball centered at x 0 with radius r. According to the Stokes formula and the condition ∂∂(ω n−1 ) = 0, one can check that
where we have used the condition that |d(ω n−1 )| ∈ L ∞ (M) in the last inequality . Combining (1.2), (2.3) and (2.5), we obtain
and then
On the other hand, it is easy to see that
for any ǫ > 0, where u ǫ = u + ǫ. Using the Stokes formula and the condition ∂∂(ω n−1 ) = 0 again, we derive
(2.12)
Notice that (2.13)
This together with (2.11), the condition that |d(ω n−1 )| ∈ L ∞ (M) and lemma 2.1, gives us that (2.14) 0 = lim
for all ǫ > 0, where B ′ i s are the ones in the lemma 2.1. By the same argument in [18] , we know that u must be a constant. The proof of Theorem 1.2 is therefore completed.
A vanishing theorem on Higgs bundle
Let (M, ω) be an n-dimensional Hermitian manifold. A Higgs bundle (E, ∂ E , θ) over M is a holomorphic bundle (E, ∂ E ) coupled with a Higgs field θ ∈ Ω 1,0 M (End(E)) such that ∂ E θ = 0 and θ ∧ θ = 0. Higgs bundles first emerged thirty years ago in Hitchin's ( [8] ) study of the self duality equations on a Riemann surface and in Simpson's subsequent work ( [15] , [16] ) on nonabelian Hodge theory. Such objects have rich structures and play an important role in many areas including gauge theory, Kähler and hyperkähler geometry, group representations and nonabelian Hodge theory. Let H be a Hermitian metric on the bundle E, we consider the Hitchin-Simpson connection where D H is the Chern connection of (E, ∂ E , H) and θ
